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Knowledge space theory: Main concepts

e Knowledge domain identified with a set Q of problems, each of which has
a correct response

e Knowledge state as the collection K C @ of all problems in @ that a student
is capable of solving

e Knowledge structure as a collection K of knowledge states K containing
at least the the empty set ¢ and the full set Q

Subject of the presentation
e The pks package was used to investigate the effects of skill multimap
misspecification on

— the estimation of the problem parameters (careless errors and lucky
guesses)

— the recovery of the correct competence state

e Both maximume-likelihood estimates and minimum-discrepancy estimates
of the parameters are considered

Skills underlying the problems: The competency model

The assumption is made that there is a set S of discrete skills, which are
relevant to solve the problems

e A skill multimap associates each problem ¢ € Q with a nonempty collection
1(q) of nonempty subsets of skills

e Each subset C € u(q) represents a competency for g

The knowledge state delineated by the subset of skills X C S is specified
by K={qeQ:CCX for some C € u(q)}



The competency model: Example

o Let Q =1{1,2,3,4},5S ={a,b,c}, and let pu be defined by

1(1) = {{a,b},{a,c}}, p(2) = {{c}},
1(3) = {{a}, {bc}}, u(4) = {{o}}

e The knowledge states delineated by each subset of skills are

X K X K
{3 0 {a, 0} {1,3,4}
{a} {3} fa, e} {1,2,3}
{b} {4} {o,c}  {2,3,4}
{ep {2} fa,b,c} @

e The knowledge structure is

K =1{0,{2},{3},{4},{1,2,3},{1,3,4},{2,3,4},Q}

Probabilistic knowledge structures

e It is assumed that

— the responses to the problems are locally independent, given the knowl-
edge state of the student

— the response to each problem ¢ only depends on the careless error 3y
and the lucky guess 74 probabilities

e T herefore, the probability of the response pattern R given the knowledge
state K takes on the form

H (1—77q) s

gER\K qERUK

P(RIKY=| [[ 54 ( II (1—@;)) IT 7

geK\R qe KNR
where RUK =Q\ (RUK)

Probabilistic knowledge structures

The knowledge structure is a deterministic model of the organization of
knowledge in a certain domain.

There may be not perfect correspondence between the knowledge state of
a student and his response pattern (careless errors and lucky guesses)

e The knowledge states may occur with different frequencies within the
population of reference

The probability of the response pattern R is specified by

P(R) = ) P(RIK)P(K),
Kek

Effects of misspecification of the problem-skill association:
What is known

e A systematic investigation conducted on the DINA model showed that
(Rupp & Templin, 2008):

— the deletion of a skill from a problem causes the overestimation of its
careless error probability

— the addition of a skill to a problem causes an overestimation of its lucky
guess probability

e The misspecifications:
— have predominantly local effects

— may affect the assessement of knowledge



Effects of misspecification of the problem-skill association:
What has still to be investigated

e What are the effects on competency models? An investigation conducted
on the multiple-strategy DINA model suggests that (de la Torre & Douglas,
2008):

— the omission of a competency from a problem causes an overestimation
of its lucky guess probability

— the inclusion of a competency to a problem causes an overestimation

of its careless error probability

e What are the effects on minimum-discrepancy (Wickelmaier & Heller,
2003) estimates of the parameters

The study
Problem Competencies Problem Competencies
1 {a} 11 {a,d}
2 {b} 12 {b,c,e}
3 {c} 13 {a,b,c}
4 {d} 14 {a,d,e},{b,d, e}
5 {e} 15 {a,c,d}
6 {a,b}{a,c} 16 {b,c,d}
7 {a,e} 17 {a,b,c,d} {a,c,d,e}
8 c, e 18 {a,b,d, e}
9 {d,e},{b, e} 19 {b,c,d, e}
10 {b, c} 20 {a,b,c,d, e}

Note. Letters from a to e refer to the five skills.

— The knowledge structure delineated by the skill multimap was used to
simulate a data set containing 10,000 response patterns

— The B and n parameters were randomly generated between 0 and .05

— The P(K) probabilities were randomly generated
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The study
e Aim: Investigating the effects of different misspecifications of the skill
multimap on
— the careless error and lucky guess estimates of the problems

— the recovery of the correct competence states

e Simulation of the data:

— A collection with 20 problems was considered, and 5 skills were set to
underlie them

— Via the competency model, the problems were associated with the com-
petencies according to the following skill multimap

The study

e Types of misspecifications:
— Deletion of a skill

— Addition of a sKkill

Deletion of a skill and addition of another

Deletion of a competency

Addition of a competency

e Aspects of the misspecifications which are considered:
— They regard problems associated with one or two competencies

— They create or not problems which are clones of each other

e The models which derive from the misspecifications were estimated on the
simulated data set
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Results: Deletion of a skill which does not create clones

Results:

Problem N competencies True

Modified

14
15
17
19

2
1
2
1

{b,d, e}
{a,c,d}
{a,c,d, e}
{b7 c7 d7 e}

{b,d}
{c,d}
{a,c, e}
{c,d, e}

Note. Letters from a to e refer to the five skKills.

ML - Correct

fosly

oy

ML - Incorrect

MD - Correct

MD - Incorrect
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Deletion of a skill which does not create clones

ice) e} {abe} fabo) fabet (acd) faces (ade) fed) beet (bde) detabediabeeiabdetas delbedet

{ee) e} (abe} faho) fabel (aed) {acel (ade) beod) beel (bde) detabediabesiabdelasdeibedet

{cel {del (abe) apdliaper (acd) (ace; (ade} (bedl et (bde) cdep{abediabrefabdefacdefocder

{ee) el (abel faho) abel (acd) {acel ade) beod) ok (bde) edehabediabesiabdefasdeibedet
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Results: Deletion of a skill which does

e ML: B14 = .39; 815 = .37, f17 = .11, B19 = .89
e MD: ﬁ14 = .34;515 = .22;517 = .11;[319 = .86

not create clones

- ML - Correct - ML - Correct

5 ! 5 1

2 o

205 g 05 i

g 12169 132191 60 5 8148 4710 g ,Ligm M 20 134 16 15 W3

] 0.0 0.02 0.03 0.04 0.05 [ 0.01 002 003 004 0.05
true p true n

@ ML - Incorrect - ML - Incorrect

- 19 o 1

@ [

2os5- 15 14 205 1

S L2 52w 6105  mesdrio $ ,lagm 2 20 1314 1615 B3

o [u] 0.01 002 002 004 0.05 13 001 002 003 004 005
true p true n

- MD - Correct - MD - Correct

5 ! 5 1

2 o

205 g 05 i

S L1218 13211 60 5 8188 4710 g ,Ligm 20 20 134 1615 o3

] 0.0 0.02 0.03 0.04 0.05 [ 0.01 002 003 004 0.05
true p true n

- MD - Incorrect - MD - Incorrect

5 1 ] 5 1

205 14 205 1

2 15 47 . 2

3 o 12°  +32191 6130 5 8168 4710 8 oi@ 2T 20 1314 187 15 ;3

o [u] 0.01 002 002 004 0.05 13 001 002 003 004 005
true p true n

Results: Deletion of a skill which creates clones

Problem N competencies True Modified Clone problem

12 1 {b,c,e} {c, e} 8

14 2 {a,d, e} {d, e} 9

17 2 {a,c,d,e} {a,c,d} 15

19 1 {b,c,d,e} {b,d,e} 14

Note. Letters from a to e refer to the five sKills.
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Results: Deletion of a skill which creates clones

e ML: 3120 = .67; B14 = .31; f17 = .05; 310 = .88
e MD: B12 = .66; f14 = .29; 17 = .05; B19 = .82

Recovered ¢ Recovered p Recovered ¢

Recovered p

05

a5

05

a5

ML - Correct
12169 132191  SMo 5 814g 4710
0 0.01 002 003 004 005
true p
ML - Incorrect
12 19
1 1 1
15 32m 6120 5 8188 4710
0 001 002 003 004 005
frue p
MD - Correct
12 189 13 2191 6@ 5 8168 4710
0 0.01 002 003 004 005
true p
MD - Incorrect
12 19
1 14 1
15 32191 6130 5 #1468 4710
0 001 002 003 004 005
frue p

Recovered n Recovered n Recovered n

Recovered n

ML - Correct
1
05 4
o 1880 2M 20 1314 1 15 B3
6] 0.0 0.02 0.03 0.04 0.05
true v
ML - Incorrect
1
05 4
N 1880 2278 20 1314 167 15 M3
[u] 0.01 002 002 004 0.05
true
MD - Correct
1
05 4
0 1880 2M 20 1314 1 15 B3
6] 0.0 0.02 0.03 0.04 0.05
true 7
D - Incorrect
1
05 4
0 180 2om® 20 134 1B 15 3
[u] 0.01 002 002 004 0.05
true
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Results: Addition of a skill which does not create clones

Problem N competencies True

Modified

6
8
13

2
1
1

{a, b}
{e,e}
{a,b,c}

{a,b,d}
{a,c,e}
{a7 b’ c’ e}

Note. Letters from a to e refer to the five skills.
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Results: Deletion of a skill which creates clones

ML - Correct

. [ARRNRNARRRENAR R

4 fal (0 el M) (e} (sk) fmch (sd] fmel (be] () (bel fed) (oed (de) (ahc) {abd) (abe) {acd) (ace) adel (o) (bog) bdel (cdelhediabeefabdeiacdefede] S

ML - Incorrect

] | LU L

4 @) F e} i) (e} fak) fach fad] desh (bel fod) el fed) foed (de) fabe) fabd) (abe) facdl (ace) fadel bed) boel bdel (cdelfabedinboelabdelacdeibede) S

MD - Correct

: [ARRRRRENNARRRREN

4 @ B ®) {0 (e} ek} fach (8l e} (be) fod)} (be} (e} (ee} (de} {abpe) {abd) (abe) (acd) (ace) {ade) bed) (bee) el (cdelapediapcelabdelacdefbede) S

MD - Incorrect

i LI

{de} {ako} fabd} (abe} facd} (ase} {adel (bod) boe) hast (sdellabodiaboslabdeiacdetbodel S

4 @ G @) fd (&) fak) fact fed) {aei {bo} fbd) {bel f(od) foe}
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Results: Addition of a skill which does not create clones
e ML: ng = .14;7ng = .10;m13 = .09
e MD: nNe = .13;778 = .10;7]13 = .09
ML - Correct ML - Correct
05 S5
® °
g g
§ ,li2im 13201 eMo 5 Ble 4710 g L 2Mm 20 134 16 15 B3
r 0.01 002 0.03 0.04 0.05 r 0.01 002 0.03 0.04 0.05
true p true 7
ML - Incorrect ML - Incorrect
<05 Sos
s S
& ]
H 3 13 8 g
S 0 12 189 13 2191 [ 5 8148 4710 g 0 1850 278 20 - 15‘ M3
r 001 002 003 0.04 005 r o 001 002 0.03 004 005
true p true
MD - Correct MD - Correct
Sos S0s
o e
] s
3 3
4 12189 132191 6 5 8168 4710 8 1850 27 20 1314 1@ 15 W3
g oL 121 20 S =
T 001 002 003 0.04 0.05 o 001 002 0.03 004 005
true p true n
“ MD - Incorrect - MD - Incorrect
5 05 - 05
® 2
@ @
3 3 1 g 8
g L1218 132191 6 5 148 4710 g Lasm 27 20 ‘{14 15 hEE]
& 001 002 003 0.04 0.05 © 001 002 0.03 004 005
true p true n
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Results: Addition of a skill which does not create clones

{ag) s 2 E L 5 i leel {de) (abe) fahd) fabel (acd) {acel (el (bod) el (bde) edelabediaheeiandefasdeledet

ML - Incorrect

LU LU

{ac) fad) {a k L : di fcel {de) fabel fabd) fabel facd) facel {ade) (bed) beel (bde) fedetabediabeciabdelacdelbedet

MD - Correct

[NRRRNRNNNRRRNEY

(ce) (g} (abe} (abe) nhe} (aed) e} Bde) (bed) el (bae) edelabedabeelabdelacdelbedel S

MD - Incorrect

i | LULLLETLLLLL L

& @ ) e () f2) {ab} fact fadi fael fhel (hdb fbe) (odb {oe) e fabo) fahd {abel facdl foet (adel bod boel bdel odel{absdiabosiabdelacdetocde) S
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Results: Deletion and addition of skills which do not create clones
o ML: B9 = .12; 11 = .22; 14 = .60; 16 = .88 — mg = .08, n11 = .22, M4 = .14, m6 = .10

o MD: By = .14, f11 = .14; 14 = .30; 16 = .84 — no = .19;m11 = .21, n14 = .13, 16 = .10

ML - Correct ML - Correct

12 189 13 2191 6@ 5 814g 4710 1880 2M 20 1314 1 15 B3
0 0.01 002 003 004 005 0.0 0.02 0.03 0.04 0.05
true p true v
ML - Incorrect ML - Incorrect
<16
" M 8, |
14
1219 132t 6105 8 710 1860 m? 20 134 %7 15 3
0 0.01 002 003 004 005 0.02 0.03 0.04 0.05
frue p true
MD - Correct MD - Correct

o

Recovered ¢
o
o
Recovered n
o
o

[=)

=

Recovered p
o
o
Recovered n
o
o

o
o
o

1218 132191 5Mo 5 8188 4710 1880 2M 20 1314 1® 15 3
0 001 002 003 004 005 0.01 002 003 004 005
true g true 7
MD - Incorrect MD - Incorrect

6
05 14 1
12180 1322 6130 5 8184710 1850 @ 20 154 % 15 s
0 001 002 003 004 005 002 003 0,04 005
true [3 true m

o

Recovered ¢
o
o
Recovered n
o
o

[=)

Recovered p
Recovered n
o
o

=
o
o
o
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Results: Deletion and addition of skills which do not create clones

Problem N competencies True Modified

9 2 {b, e} {b,d}

11 1 {a,d} {c,d}

14 2 {a,d,e} {a,b,d}

16 1 {b,c,d} {ec,d,e}
Note. Letters from a to e refer to the five skKills.
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Results: Deletion and addition of skills which do not create clones

4 fab @) feb )l Ger fak) fach fad) faed fach et (ool {ce) {det {abe) fabd) (abe) facd) (ace) fadel (ocd) beel e} (cdelabediabeelabdelacdelbede) S

ML - Incorrect

i J[Ill (ML)

i o} )} feb {4} {eb {ab} {ac} {ad} {ee} {ber (A} Bel {cd) fee) {de} (8#32){5#“)(EhEHECN)(BC9HEdE}(hQﬂ) el ibdel {edepabediabeetabdeiacdefbede}

MD - Correct

i LLCLLLELLEEEEEELL

i fab )} fe} {4} {e} f{ab} fach fad} {fee) (bs} bd) hel {cd) {ce) {det fabe) fabd fabe) {facd) {ace} ade} biod) boe) bdel (cdellabediabeelabdelacdeibode) S

MD - Incorrect

it @l fer R {ab) faeh (ad) {ael (bl b} b {edl {ee) fdel {abe) {abd) (abe) {acdr (ace) (adel (hed) bee) el (edelfabodiabeefabdelacdeibede] S

Overestimation of the problem parameters but not relevant biases on the recovery of the
competence states when the modification creates clones.
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Results: Deletion of a competency Results: Deletion of a competency
e ML: nNe = .20; na = .09; mrz = .09
e MD: Ne = .19;7714=.09;7717=.09

- ML - Correct - ML - Correct
o 05 - 05
Problem N competencies True Modified g g
g 1210 132191 61 5 8l4s 4710 S |1 . 22m 20 134 1 15 B3
6 2 {a’ b}’{a’ c} {a’ b} € % 0.01 0.02 002 0.04 0.05 ¢ % 001 002 003 004 005
14 2 {a,d,e}{b,d, e} {a,d, e} frue p true
ML -1 t ML -1 t
17 2 {a,b,c,d} {a,c,d,e} {a,b,c,d} Fos reomes Fos feome
Note. Letters from a to e refer to the five skills. g g " §
S | 1210 321 sme 5 8148 4710 € |im pm 20 gt H 15 a3
o 00 0.01 002 003 0.04 005 o OO_‘- 0.01 002 003 004 005
true p true n
- MD - Correct - MD - Correct
o 05 - 05
e g
$ 1219 13211 6Mp 5 Ele 470 8 |1 R 20 134 W 15 M3
o 00 0.01 0.02 0.02 0.04 0.05 14 OO 0.01 002 003 0.04 0.05
true p true n
- MD - Incorrect MD - Incorrect
o 05 5 05
& i
] © 6
§ 12150 13211 6Mp 5 8188 4710 § 180 pm 20 3 WM 5 43
o 00 0.01 002 003 0.04 005 o OO 0.01 002 003 004 005
true p true n
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Results: Deletion of a competency Results: Addition of a competency which does not create clones
ML - Correct
i {a} {8} {c} {d} {el  f{ab} (n. {ag} (hr:) {de} (uhc)d){u.bs)(ucd?(adz){b.c,s)uhcdhc.ea.bdeucdehc,ds s P ro b I e m N CO m p ete n C i es Tru e M o d ifi ed

ML - Incorrect

. {a,d} {a,d},{c,d}
~ LT LT T L g Ghafa

& a5 Wy e} faby fac) dady {ae} {bel by (be) {cdp fce (der {abc) {abd) (abe} (acd) {ace; (ade) bod) hoer hdel icderabediapoeiabdefacdeibcde; S

MD - Correct Note. Letters from a to e refer to the five skills.

j LULHTTTTE L L

O @ b & W ) Bk e el (ae) be) (dr el Ed (el e (abe) (ahd) (Bhel (acd) o) (ade) o) el (el Edeabediabeelabdelacdetcdel S

MD - Incorrect

[

4 @ k) (s (0 () (ab} fact fadh {ael o) bd (be) b {oe) {dei {abe) @hdl abe (acd) {asel (ade} bod) thoet (bde) fodetabodabosiabdelasdebode §
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Results: Addition of a competency which does not create clones

e ML: 811 = .21; B13 = .44, B19 = .53
o MD: B11 = .20; f13 = .42; f10 = .52
@ ML - Correct = ML - Correct
° =
2 2
205 €05 1
S 218 12m1  sMo 5 8188 4710 S s 2M® 20 1314 T 15 W3
] 0.01 002 003 0.04 003 o 0.01 0.02 0.03 0.04 0.05
true p true v
@, ML - Incorrect = ML - Incorrect
3 3
& 19 o
gos . n 2 g0s5 1
g g 1215 1321 6120 5 8188 4710 § o 1880 22108 20 134 187 15 B3
L) 001 002 003 004 005 o« 001 002 003 004 005
true p true n
@ MD - Correct = MD - Correct
° =
2 2
205 €05 1
S L2180 132101 sMo 5 8188 4710 S s 2 20 1314 1615 ®3
] 0.01 002 003 0.04 003 o 0.01 0.02 0.03 0.04 0.05
true g true 7
MD - Incorrect MD - Incorrect
5 1 5 1
3 3
805 J9 13 %05 ,
8 11 a
g g 1215 1329 6140 5 8188 4710 3 g 1880 21 20 1314 1% 15 B3
L) 001 002 003 004 005 o« 001 002 003 004 005
true p true n
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Conclusions

e T he misspecifications affect both the maximume-likelihood and the minimum-
discrepancy estimates of the parameters. Hovewer, in the latter

— the overestimations of careless error and lucky guess parameters are in general lower

— the recovery of the correct competence state is in general better

e The effects of misspecifications on the careless error parameters are greater
in the problems associated with a single competency

e In presence of problems which are clones of each other
— the effects of misspecifications continue to be predominantly local

— the probability of recovering the correct competence state increases if one of the clone
problems is correctly associated with the skills
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Results: Addition of a competency which does not create clones

ML - Correct

L JULLLEEEEE L LR

4 fa) 3 ) 0} (o} f(ak) {act (sd) {fasi {bel ) (bel {od) foe} (de} (abol abd} (abe) {aod} (ace) fadel (od) boe) bdel (sdelbodiabselabdelacdetocde] S

ML - Incorrect

| IRRRRENE RENRRARER NN

4 @ o e } o fmbl dack (ad) daer (be} dbd} (e fod) o (de} (apcliand) (abg) (acd) (ace) {ade} (ood) boe) thder (cdeiabodiaboeiabdeiacdefbede; S

MD - Correct

] CLLLLEEELE L LU

4 R} ) (&b fak) ek (ad] imel (be) fodd (bel (ed) feel (de} (ahe) fabd) (ake) {aed) (ace) adel hed) (beel el (delfabodiabeelabdelacdeibedel S

MD - Incorrect

f [

4 ) G ) fd (5} fak) fact (ed) {asi {bo} fod) {bel (od) ool (de} {abe) fabd} (abe) facd} {ace) (adel bod) boe) bde) (cdelfabodiabselabdelacdetbode) S
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Future investigations
e Analyzing the effects of misspecifications when taking into account
— different skill multimaps
— different levels of noise in the data set
— problems that are clones in the correct skill multimap
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Thanks for your attention!

pasquale.anselmi@unipd.it
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