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1. Intro

data format

flat binary data multilevel binary data
Ypi = 0, 1 Yp(g)i = 0, 1
p = 1, .., P persons p(g) persons nested
i = 1, .., I items              within groups

g = 1, .., G groups

p=1 i=1    Y11=1 
p=1 i=2 Y12=0
..               ..
p=1 i=I     Y1I= 1
p=2 i=1    Y21=1
p=2 i=2 Y22=0
..               ..
p=2 i=I     Y2I= 1
..               ..
..               ..
p=P i=1 YP1=0
p=P i=2    YP2=0
..               ..
p=P i=I     YPI= 0

long format
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data format

p=1 i=1    Y11=1 
p=1 i=2 Y12=0
..               ..
p=1 i=I     Y1I= 1
p=2 i=1    Y21=1
p=2 i=2 Y22=0
..               ..
p=2 i=I     Y2I= 1
..               ..
..               ..
p=P i=1 YP1=0
p=P i=2    YP2=0
..               ..
p=P i=I     YPI= 0

dependent variable

flat binary data multilevel binary data
Ypi = 0, 1 Yp(g)i = 0, 1
p = 1, .., P persons p(g) persons nested
i = 1, .., I items              within groups

g = 1, .., G groups

Generalized Linear Mixed Models
three components

ηpiπpiYpi

Bernoulli
link function
logit, probit

sum of …

linear
function

sum of 
weighted predictors

dependent variable

three types of covariates (predictors)

item covariates Xik (k=1, .., K)

person covariates Zpj (j=1, .., J)

person-by-item covariates Wpih (h=1, .., H)

examples are partition covariates

origin

external: externally given, exogenous

internal: from the data, endogenous

effects (weights) are fixed of random

if random

across persons

across items

across groups

intro examples
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ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1

Wpi1 ω1

ZpJZpj ζj ζJ

Wpih ωh ωHWpiH

Xi0=1 Xik XiKβp/i/gk βp/i/gK

Zp(g)1 ζp/i/g1 Zp(g)j Zp(g)1ζp/i/gj ζp/i/gJ

item covariates
e.g., as in LLTM
e.g., identity matrix as in Rasch model

within-subjects design
Xs are within-subject factors

βp0

Σ over k

covariate

fixed effect

random effect
subscript indicates across which units
p, i, g

… …

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1

Wpi1 ω1

ZpJZpj ζj ζJ

Wpih ωh ωHWpiH

Xi0=1 Xik XiKβp/i/gk βp/i/gK

Zp(g)1 ζp/i/g1 Zp(g)j Zp(g)1ζp/i/gj ζp/i/gJ

item covariates
e.g., as in LLTM
e.g., identity matrix as in Rasch model

within-subjects design
Xs are within-subject factors

βp0

Σ over k

RaschM=lmer(r2~-1+item+(1|id),family=binomial, VerbAgg)

… …

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1

Wpi1 ω1

ZpJZpj ζj ζJ

Wpih ωh ωHWpiH

Xi1 βp/i/g1Xi1 Xik XiKβp/i/gk βp/i/gK

Zp(g)1 ζp/i/g1 Zp(g)j Zp(g)1ζp/i/gj ζp/i/gJ

Xi0=1 βp0

person covariates
e.g., Gender, ethnicity

between-subjects design
Zs are between-subject factors

Σ over k

Σ over j

… …

… …

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1

Wpi1 ω1

ZpJZpj ζj ζJ

Wpih ωh ωHWpiH

Xi1 βp/i/g1Xi1 Xik XiKβp/i/gk βp/i/gK

Zp(g)1 ζp/i/g1 Zp(g)j Zp(g)1ζp/i/gj ζp/i/gJ

Xi0=1 βp0

Xi0=1 βg0

simple multilevel

Σ over k

Σ over j

… …

… …
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ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1

Wpi1 ω1

ZpJZpj ζj ζJ

Wpih ωh ωHWpiH

Xi1 βp/i/g1Xi1 Xik XiKβp/i/gk βp/i/gK

Zp(g)1 ζp/i/g1 Zp(g)j Zp(g)1ζp/i/gj ζp/i/gJ

Xi0=1 βp0

Xi0=1 βg0

simple multilevel

Σ over k

Σ over j

multilevelM=lmer(r2~
-1+item+(1|id)+(1|Gender),family=binomial, VerbAgg)

… …

… …

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1

Wpi1 ω1

ZpJZpj ζj ζJ

Wpih ωh ωHWpiH

Xi0=1 βp0

interaction covariates
e.g. DIF covariates: combination of focal group
and a set of items, possibly just one
e.g., LID covariates: response to another item,
the response depends on the pair (p,i) 

Σ over j

Σ over k

Σ over h

… …

… …

2. Latent variables

θp

Yp1

Yp2

Yp3

latent variable indicators
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θp

Yp1

Yp2

Yp3

latent variable indicators

Xi1

Xik

XiK

Ypi

βpk

β
p1

βpK

...

..

independent 
variables
-- covariates

effect size dependent
variable

Zp1

Zpk

ZpK

Ypi

βik

β
i1

β iK

...

…

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1 ZpJZpj ζj ζJ

Xi1 βp1Xi1 Xik XiKβpk βpK

within-subjects and between-subjects design 
and latent variables

latent variables with covariance structure

LANOVA

Σ over k

Σ over j

Σ over k

… …

… …

..                           ..  
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ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1 ZpJZpj ζj ζJ

Xi1 βp1Xi1 Xik XiKβpk βpK

within-subjects and between-subjects design 
and latent variables

latent variables with covariance structure

Σ over k

Σ over j

Σ over k

lanovaMp=lmer(r2~-1+item+(-1+btype|id),family=binomial, 
VerbAgg)

… …

… …

..                           ..  

LANOVA

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1 ZpJZpj ζj ζJ

Zp1 ζi1 Zpg ZpGζig ζiG

X01=1 βp0

random item profiles with a covariance structure
LANOVA

… …

… …

..                           ..  

Σ over k

Σ over j

Σ over j

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1 ZpJZpj ζj ζJ

Zp1 ζi1 Zpg ZpGζig ζiG

X01=1 βp0

random item profiles with a covariance structure
LANOVA

lanovaMi=lmer(r2~-1+item+
(-1+btype|item)+(1|id),family=binomial, VerbAgg)

… …

… …

..                           ..  

Σ over j

Σ over k

Σ over j

Zp1 ZpJZpj

Xi1 βp1Xi1 Xik XiKβpk βpK

latent variables with covariance structure

explanation of latent person variables

… …

..                           ..  

LANOVA
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Xi1 βp1Xi1 Xik XiKβpk βpK..                           ..  

LANOVA

scold curse shout

Xi1 βp1Xi1 Xik XiKβpk βpK

… …

..                           ..  

lanovaSEM2=lmer(r2~+item+(1|id)+(-1+curse|id)+(-1+scold|id)
+(-1+shout|id),family=binomial, VerbAgg)

LANOVA

βp0Xi0

ηpi

β0Xi0 βkXik XiK βK

Zp1 ζ1

Wpi1 ω1

ZpJZpj ζj ζJ

Wpih ωh ωHWpiH

XiK
XikXi1 βp/g/i1 βp/g/ik βp/g/iK

Zp1 ζp/g/i1 Zpj ZpJζp/g/ij ζp/g/iJ

… …

… …

… …

..                           ..  

..                           ..  

Σ over j

Σ over j

Σ over k

Σ over k

Σ over h

3. Categorical data
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data
flat ordered-category data multilevel binary data
Ypi = 1, 2, 3 Yp(g)i = 1, 2, 3
p = 1, .., P persons g = 1, .., G groups
i = 1, .., I items

Continuation ratio model 

Similar to discrete survival model

Ordered categories are like moments in time

A one indicates that the event occurs, so that later 
observations are missing

A zero indicates that the event has not yet occured, so that
later observations are possible

Three models for ordered-category data

three types of odds ratios (dark vs light)
for example, three categories, two odds ratios

0

0

1

1

0

1

0

0

1

0

0

1

0

1

1

continuation partial graded
ratio credit response

1        2                  1        2                   1    2    

1                     2                     3

0            1

0            1

0 (3/1&2): 1/(1+exp(θp1-βi1))
1 (3/1&2): exp(θp1-βi1)/(1+exp(θp1-βi1))

0 (2/1): 1/(1+exp(θp2-βi2))
1 (2/1): exp(θp2-βi2)/(1+exp(θp2-βi2))

3/1&2   2/1
1:       0        0
2:       0        1
3:       1        -

00:   1                 / (1+exp(θp1-βi1)+exp(θp2-βi2)+exp(θp1+θp2-βi1-βi2))
01:   exp(θp2-βi2) / (1+exp(θp1-βi1)+exp(θp2 βi2)+exp(θp1+θp2-βi1-βi2))
1- :   exp(θp1-βi1) / (1                    +exp(θp1 – βi1)                                )

order can be
reversed
if wanted
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1                     2                     3

0            1

0            1

0 (3/1&2): 1/(1+exp(θp1-βi1))
1 (3/1&2): exp(θp1-βi1)/(1+exp(θp1-βi1))

0 (2/1): 1/(1+exp(θp2-βi2))
1 (2/1): exp(θp2-βi2)/(1+exp(θp2-βi2))

3/1&2   2/1
1:       0        0
2:       0        1
3:       1        -

00:   1                 / (1+exp(θp1-βi1)+exp(θp2-βi2)+exp(θp1+θp2-βi1-βi2))
01:   exp(θp2-βi2) / (1+exp(θp1-βi1)+exp(θp2 βi2)+exp(θp1+θp2-βi1-βi2))
1- :   exp(θp1-βi1) / (1                    +exp(θp1 – βi1)                                )

order can be
reversed
if wanted

TutzM=lmer(value~
-1+newItem+(-1+variable|id),family=binomial,NewVerbAgg)

extend dataset: replace each item response with two,
except when missing:
1  00
2  01
3  1-

VerbAgg$a <- as.numeric(VerbAgg$resp == 'yes')
VerbAgg$b <- as.numeric(VerbAgg$resp == 'perhaps')
VerbAgg$b[which(VerbAgg$resp=='yes')] <- NA
NewVerbAgg <- melt(VerbAgg, measure.vars = c('a', 'b'))
NewVerbAgg$newItem<-interaction(NewVerbAgg$item,NewVerbAgg$variable)

mTutz=lmer(value~-1+newItem+(1|id),family=binomial,NewVerbAgg)
two-dimensional
mTutz=lmer(value~-1+newItem+(-1+variable|id),family=binomial,NewVerbAgg)

See R code in added Tutz script

Some important issues are not covered,
therefore, 
or for other reasons, 
you may have questions


